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Abstract 

In this paper we complete the determination of the index of factoriality 
of moduli spaces of semistable sheaves on an abelian or projective K3 
surface S. If v = 2w is a Mukai vector, w is primitive, w 2 = 2 and H is a 
generic polarization, let M V (S,H) be the moduli space of //—semistable 
sheaves on S with Mukai vector v. First, we describe in terms of v the 
pure weight-two Hodge structure and the Beauville form on the second 
integral cohomology of the symplectic resolutions of M V (S, H) (when S is 
K3) and of the fiber K V (S,H) of the Albanese map of M V (S,H) (when 
S is abelian). Then, if S is K3 we show that M V (S,H) is either locally 
factorial or 2— factorial, and we give an example of both cases. If S is 
abelian, we show that M V (S,H) and K V (S,H) are 2— factorial. 



1 Introduction and notations 

The study of the local factoriality of moduli spaces of sheaves on smooth, pro- 
jective varieties is a problem which appears naturally when one wants to study 
their Picard group. The question of local factoriality has been adressed and 
solved in some cases. 

In [7] Drezet and Narasimhan show that the moduli space Uc (r, d) of semi- 
stable vector bundles of rank r and degree d on a smooth, projective curve C 
of genus g ^ 2, is locally factorial. The same result is proved even for the 
moduli space Uc(r,L) of semistable vector bundles or rank r and determinant 
L e Pic(C). 

If G is a semisimple group, the moduli space Mq of semistable principal 
G— bundles on a smooth, projective curve is locally factorial if and only if G 
is special in the sense of Serre: this is due to Beauville, Laszlo and Sorger for 
G classical or G = G2 (see [13], [2], [12]), and to Sorger (see [25]) and Boysal, 
Kumar (see [4]) for exceptional G. 

In [5] Drezet shows that the moduli space M(r, ci, C2) of semistable sheaves 
on P 2 of rank r ^ 2 and Chern classes c\ and ci is locally factorial. In [B], 
Drezet studies the moduli space Mn(r, c\,c-i) of //—semistable sheaves on a 
rational, ruled surface S: he conjectures that it is locally factorial whenever 
the polarization H is generic, otherwise he presents an explicit example of non 
locally factorial moduli space. In [26j and [27] , Yoshioka shows that the moduli 
space Mjj(r, 01,02) of semistable sheaves on a ruled, non-rational surface is 
locally factorial whenever H is generic. 
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More recently, Kaledin, Lehn and Sorger in [TT] showed the local factoriality 
of a large class of moduli spaces of sheaves over projective K3 or abelian surfaces: 
in their work, the local factoriality plays a major role in order to avoid the 
existence of symplectic resolutions of the moduli space. 

The aim of this paper is to study the local factoriality of the remaing cases of 
moduli spaces of H— semistable sheaves on an abelian or projective K3 surface 
with generic polarization. In the following, 5 will denote an abelian or projective 
K3 surface. An element v £ i?(5,Z) := H 2 *(S,Z) will be written as v = 
(i>o, t>i, U2), where Vi £ H (S, Z), and vq,V2 £ Z. It will be called Mukai vector 
if «o ^ and v\ £ NS(S), and if vq = then either v\ is the first Chern class 
of an effective divisor, or v\ = and V2 > 0. Recall that H(S, Z) has a pure 
weight-two Hodge structure defined as 

i? 2 '°(5) := H 2 <°(S), #°' 2 (5) := H°> 2 (S), 

ff M (5) := H°(S,C)®H 1 ' 1 (S)®H A (S,C), 

and a compatible lattice structure with respect to the Mukai pairing (.,.). In 
the following, we let v 2 := (v,v) for every Mukai vector v, and we define the 
sublattice 

v 1 := {a £ H(S, Z) | (a, v) = 0} c H(S, Z), 

which inherits a pure weight-two Hodge structure from the one on H (5, Z). 

If & is a coherent sheaf on 5, its Mukai vector is v {,9) := ch{&)^Jta\S). 
Let H be a polarization and v a Mukai vector on S. We write M V (S, H) (resp. 
M£(S,H)) for the moduli space of H— semistable (resp. H— stable) sheaves on 
S with Mukai vector v. If no confusion on S and H is possible, we drop them 
from the notation. 

From now on, we suppose that H is a v— generic polarization (for a definition, 
see \2'2\). We write v = raw, where m £ N and w is a primitive Mukai vector 
on S. It is known that if 0, then is smooth, quasi-projective, of 

dimension v 2 + 2 and carries a symplectic form (see Mukai [T3]). 

If S is an abelian surface, a further construction is necessary. Choose J^o £ 
M V (S,H), and define a v : M V (S,H) — > S x S in the following way (see [25]): 
let pg : S x 5 1 — > S 1 be the projection and & the Poincare bundle on 5x5. 
For every ^ e M„(5, i?) we let 

a„(jT) := {det(p §l ((& - ^)®{^ - ff Sx§ )),det{^)®det{^)- 1 ). 

Moreover, we define K V (S,H) := a 1 7 1 (0s, &s), where 0s is the zero of 5. 

The local factoriality of M V (S,H) and K V (S,H) is almost completely un- 
derstood. First, write v = raw, and suppose that w 2 ^ 0, as if w 2 < then 
M„ (5, H) is either empty or a single point. Under this condition, then M V (S, H) 
and K V (S, H) are known to be locally factorial in one of the two following cases 
(see the Appendix for the details on K v ): 

1. m = 1 and w 2 ^ (in this case M„ = M*, hence it is smooth); 

2. rn = 2 and w 2 ^ 4, or to ^ 3 and u; 2 ^ 2 (see [TTj). 

The aim of the present paper is to determine the factoriality index of the 
remaining cases, namely when to ^ 2 and w 2 = 0, and when to = 2 and w 2 = 2. 



2 



If m 5= 2 and w 2 = 0, then M M is either a projective K3 surface or an abelian 
surface, and M v is isomorphic to the m— th symmetric product Hence, 
it is 2— factorial: as we did not find any reference for this, we included the proof 
in section 2. 

Sections 3 and 4 are devoted to the factorialiy index of the last case: m = 2 
and w 2 = 2, i. e. (S,v,H) is an OLS-triple following the terminology of 
[22] . A particular case is given by the moduli spaces Miq and Kq described 
by O'Grady in Jjjj and [20] , which are known to be 2— factorial by [2T]. We 
recall that if (S, v, H) is on OLS-triple, then M v (resp. K v ) admits a symplectic 
resolution M v (resp. K v ) (see [2]). In [22] we proved that M v and K v are 
irreducible symplectic manifolds, and we showed that H 2 (M v , Z) and H 2 (K v , Z) 
have a pure weight-two Hodge structure, a lattice structure, and they are Hodge 
isometric to v^. 

As a first step to compute the index of factoriality of M v and K v , we use 
the results of [22] to calculate the pure weight-two Hodge structure and the 
lattice structure on H 2 (M V ,Z) (if S is K3) and on H 2 (K V ,Z) in terms of the 
Mukai vector v. We show that if S is K3, then H 2 (M V ,Z) is Hodge isometric 
to a Z— submodule T v of (v 1 - (x) Q) © Q, on which we define a pure weight-two 
Hodge structure and a lattice structure coming from those on v 1 . This is the 
content of Theorem 13.41 where a similar description of H 2 (K V ,Z) is presented. 
These results are analogues to the description of the Hodge structure and of the 
lattice structure on H 2 (M V ,Z) and H 2 (K v ,Jj) given by O'Grady and Yoshioka 
for primitive v. 

Once the description of the Hodge structure on H 2 (M v , Z) and H 2 (K v , Z) is 
done, we proceed with the determination of the index of factoriality of M V (S, H) 
and K V (S,H). More precisely, if S is a K3 surface we show the following: 

Theorem 1.1. Let (S,v,H) be an OLS-triple such that S is a projective K3 
surface, and write v = 2w. Then M V (S,H) is either 2— factorial or locally 
factorial. Moreover 

1. M V (S, H) is 2— factorial if and only if there is 7 e H (S, Z) n J? 1,1 (S') such 
that (7, w) = 1. 

2. M V (S, H) is locally factorial if and only if for every 7 e H(S, Z) n ff 1,1 (S') 
we have (7, w) 6 2Z. 

To prove this result, we use the description of the Hodge structure on 
H 2 (M V ,Z) given in [22], and of the Hodge structure of H 2 (M V , Z) we obtain in 
Theorem 13.41 we are then able to calculate the Picard groups of M v and M v , 
and from the relation between them we determine the factoriality index. This 
Theorem allows us to easily present explicit examples of OLS-triples (S,v,H) 
such that M V (S,H) is locally factorial (see Example I4.4[) . 

In the case of OLS-triples (S, v, H) where S is abelian, we study the local 
factoriality of both M v (S, H) and K v (S,H). The result we show is the following: 

Theorem 1.2. Let (S 1 , u, H) be an OLS-triple such that S is an abelian surface. 
ThenM v (S,H) andK v (S,H) are 2— factorial. 

We notice that this result does not depend on v: the 2— factoriality of K v is a 
consequence of the existence of a square root of the exceptional divisor E„ of the 
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symplectic resolution K v — > K v . The 2— factoriality of M v is more involved 
and requires a different argument (see section 4.2.2), as here the exceptional 
divisor of the symplectic resolution M v — > M v does not admit any square root. 

2 Recall on factoriality and on the O 'Grady ex- 
amples 

In this section we recall some basic elements about the notions of local factorial- 
ity and of 2— factoriality, and we resume some basic results about the O'Grady 
examples introduced in (TJ5] and [2U] that will be used in the following. Moreover, 
we recall the definition of OLS-triple and the main results of [22] . 

2.1 Factoriality 

Let X be a normal, projective variety. 

Definition 2.1. We say that X is locally factorial if for every x e X the ring 
&x,x is a unique factorization domain. 

We denote by A 1 (X) the group of linear equivalence classes of Weil divisors 
on X. If D is a Weil divisor on X, we still write D for its linear equivalence 
class. We have a natural inclusion dx ■ Pic(X) — > A 1 (X) associating to any 
line bundle (or Cartier divisor) the corresponding Weil divisor. 

Definition 2.2. We say that X is factorial if the morpism dx is an isomor- 
phism, and n— factorial if coker(rfx) is n— torsion. 

It is well-known that X is locally factorial if and only if it is factorial. 

Remark 2.1. We recall a basic fact which will be used several times in the 
following. Let U c X be an open subset, and let Z := X\U. If codimx(Z) ^ 2, 
then we have A 1 (X) = A X {U). If U is smooth, then we have an identification 
A 1 (X) = Pic(U). A particular case is when U is the smooth locus of X, as X is 
normal. In this case, we have Pic(X) Q Pic(U): it follows that if tt : X — > X 
is a resolution of the singularities, then tt* : Pic(X) — > Pic(X) is injective. 

As we recalled in the introduction, if S is an abelian or K3 surface, v = mw is 
a Mukai vector on S such that w is primitive and w 2 ^ 0, and H is a v— generic 
polarization, the moduli spaces M V (S, H) and K V (S, H) are known to be locally 
factorial if m = 1, if m = 2 and w 2 ^ 4, and if rn ^ 3 and w 2 ^ 2. The aim of 
this paper is to study the index of factoriality of the remaining cases, namely 
m ^ 2 and w 2 = 0, or m = 2 and w 2 = 2. 

If m ^ 2 and w 2 = 0, the moduli space M V (S,H) is isomorphic to 
the m— th symmetric product of M w , which is either a K3 surface (if S is K3) or 
an abelian surface (if S is abelian). It follows that M v is 2— factorial: as we did 
not find any reference for this, we included the proof in the following example. 

Example 2.2. Let S be a smooth projective complex surface, and n e N, 
n ^ 2. The n— th symmetric product S*- 71 ' is singular, and its singular locus A 
has codimension 2 in S^ n \ Let Hilb n (S) be the Hilbert scheme of n— points 
on S, and let p n : Hilb n (S) — > be the Hilbert-Chow morphism. By [5], 
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we have that p n is a resolution of the singularities, and we write E for the 
exceptional divisor, which is irreducible. 

To show that S^ n > is 2— factorial, we consider the following commutative 
diagram: 

Pic(S^) 

3 1 

where Pic(S n ) an is the group of the line bundles on S n which are invariant 
under the action of the symmetric group a n , the morphism / is the identity on 
Pic(S n )' 7n , and j and g are two natural morphisms (for a definition, see [5]). 
The morphism p* is injective (see Remark I2.1[) . the morphism j is surjective 
by Lemma 6.1 of |5], and by Theorem 6.2 of [5] g is an isomorphism such that 
g(0(E)) = (0,2). From this, it follows that 

Pic(Hilb n (S)) = p*(Pic(S^)) ®Z ■ A, (1) 

where A e Pic(Hilb n (S)) is a line bundle such that A® 2 = ff{E). Now, let 
i : Hilb n (S)\E — > Hilb n (S) be the inclusion, and consider the following exact 
sequence (see Proposition 6.5 in Chapter II of |10| ) 

— > Z Pic(Hilb n (S)) Pic(Hilb n (S)\E) — > 0, 
where := <^(-E), so that 

Pic(Hilb n (S)\E) = Pic(Hilb n (S))/Z ■ 0{E) = p* (Pic(S^))® Z/2Z ■ A. 
By Remark [2~T1 we have A 1 (S^) = Pic(Hilb n (S)\E), so that equation (HJ gives 

^ 1 (S'("))/Pic(S'( n )) = (p* (Pic(SW )) ©Z/2Z ■ A)/p*(Pic(5'™5)) =s Z/2Z, 
and the 2— factoriality of is shown. 

2.2 Recall on the O' Grady examples 

We now recall some basic elements of the two O'Grady examples. We start with 
the 10— dimensional one: let X be a projective K3 surface such that Pic(X) = 
Z • H, where H is ample and H 2 = 2, and let v := (2, 0, —2) be a Mukai vector 
on X. We let Mio := M V (X, H), which is 10— dimensional, its smooth locus is 
Mf := M$(X,H), and its singular locus is denoted S. In Q15] O'Grady shows 
that Mio admits a symplectic resolution 7r : M%o — > M\q and that M\q is an 
irreducible symplectic manifold. Here are the main results we will use in the 
following about Mio (see [23] and [2Tj): 

Theorem 2.3. Let B Q Mio be the Weil divisor which parameterizes non- 
locally free sheaves, S the exceptional divisor of ir and B the proper transform 
of B under n. 

1. We have 

H 2 (M W ,Z) = /i( J ff 2 (X,Z))eZ-ci(S)©Z-ci(S), 
where fx : H 2 (X,Z) — > iJ 2 (Mio,Z) is the Donaldson morphism. 



Pic(Hilb n (S)) 

Pic(s n y~ ©z 
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2. Let Bio be the Beauville form of M\q. For every a e H 2 (X, Z) we have 
B 10 (/z(a),E) = 0, B w (Ji(a),B) = 0, 
B 10 (E, E) = -6, B 10 (E, B) = 3, B 10 (B, B) = -2. 
5. W^e ftoue w -1- = {(n, a, n) \ n e Z, a e H 2 (X, Z)} ; and £/ie morphism 
A : w x — > H 2 (M W , Z), A(n, a, ra) = + 2n Cl (B) + nci(E) 
is a Hodge isometry onto its image. 
4- The moduli space M\q is 2— factorial. 

For the 6— dimensional O'Grady example, let X be an abelian surface such 
that NS(X) = Z • H, where B is ample and H 2 = 2, and let v := (2,0, -2) 
be a Mukai vector on X. We let Kq := K V (X, H), which is 6— dimensional, its 
smooth locus is -ffj := K%(X,H), and its singular locus is denoted E. In [5D] 
O'Grady shows that K§ admits a symplectic resolution 7r : Kq — > K§ and that 
Kq is irreducible symplectic. We have the following (see [23] and (21)): 

Theorem 2.4. Let B c Kq be the Weil divisor which parameterizes non-locally 
free sheaves, E the exceptional divisor of tt and B the proper transform of B 
under it. 

1. We have 

H 2 {K 6 ,Z) = ju(B 2 (X,Z))©Z-ci(A)©Z-ci(B), 

where p, : H 2 (X, Z) — > B 2 (_K@,Z) is the Donaldson morphism, and A e 
Pic(K 6 ) is such that A® 2 = 0{fi). 

2. Let Bq be the Beauville form of Kq . Then for every a e H 2 (X, Z) we have 

B 6 (Ji(a),A)=Q, B 6 (/J(a),B) = 0, 
B e (A, A) = -2, B 6 (A, B) = 2, B 6 (B, B) = -4. 
5. We have v 1 - = {(n, a, n) \ n e Z, a e H 2 (X, Z)} ; and £/ie morphism 
X-.v 1 — > H 2 (K 6 .Z), \(n,a,n) = /2(a) + nci(B) + nci(A) 
zs a Hodge isometry onto its image. 
4- The moduli space K§ is 2— factorial. 

The two O'Grady examples are generalized with the following definition, 
which is contained in |22j : 

Definition 2.3. Let S be an abelian or projective K3 surface, v a Mukai vector, 
H an ample line bundle on S. We say that (S, v, H) is an OLS-triple if the 
following conditions arc verified: 

1. the polarization H is primitive and v— generic; 



6 



2. there is a primitive Mukai vector w e H(S,Z) such that v = 2w and 

= 2; 

3. if w = (0, £, a), then a # 0. 

If (S,v,H) is an OLS-triple, then M V (S,H) is a normal, projective va- 
riety of dimension 10, whose smooth locus is M%(S,H), and whose singu- 
lar locus is denoted £„, which has codimension 2 in M v . By |14) . we know 
that M„ admits a symplectic resolution 7r„ : M V (S,H) — > M V (S,H) ob- 
tained by blowing up M„ along £„ with reduced structure. If S is abelian, 
let K V (S,H) := ir~ 1 (K v (S, H)), which is a symplectic resolution of K V (S,H). 
By abuse of notation, we still write ir v : K v — > K v . We have the following 
result, which is Theorems 1.3 and 1.5 of [22] . 

Theorem 2.5. Let (S,v,H) be an OLS-triple. 

1. TfS is K3, then M v is irreducible symplectic andjieformation equivalent to 
M io ■ The morphism ir* : H 2 (M v , Z) — > H 2 (M v , Z) is infective, and the 
restrictions to H 2 (M V ,Z) of the pure weight-two Hodge structure and of 
the Beauville form on H 2 {M v , Z) give a pure weight-two Hodge structure 
and a compatible lattice structure on H 2 (M v , Z) . Moreover, there is a 
Hodge isometry X v : t> x — > H 2 (M V ,Z). 

2. If S is abelian, then K v is irreducible symplectic and deformation equiva- 
lent to Kq. The morphism 7r* : H (K v , Z) — > H 2 (K V ,W,) is infective, and 
the restrictions to H 2 (K V ,1<) of the pure weight-two Hodge structure and 
of the Beauville form on H 2 (K V ,Z) give a pure weight-two Hodge struc- 
ture and a compatible lattice structure on H 2 (K v , Z) . Moreover, there is 
a Hodge isometry v v : v 1 — > H 2 (K V ,Z). 

The morphisms A u and v v are constructed in section 3.2 of |22) . 

Remark 2.6. If (S, v, H) is an OLS-triple and S is K3, it follows from point 1 
of Theorem 1 2 . 5 1 1 hat the morphism 

A„ :=<oA, : v 1 H 2 (M V ,Z) 

is an injective Hodge morphism which is an isometry onto its image. If S is 
abelian, we still have a morphism A,; : v 1 - — > H 2 (M V ,Z), which is such that 
v v = j* ° At, , where j v : K v — > M v is the inclusion. We define A^ : = ir* o X v 
and 

v v :=ir*ois v :v ± ^H 2 (K V ,Z). 

As a consequence of point 2 of Theorem 12. 51 we have that v v is an injective 
Hodge morphism which is an isometry ontro its image. We even remark that 
Vv = i* ° At, , where j v : K v — > M v is the inclusion. 

As a consequence of Theorem 12.51 we calculate the Picard groups of M v (if 
S is K3) and of K v (if S is abelian): 

Corollary 2.7. Let (S, v, H) be an OLS-triple. 

1. If S is K3, there is an isomorphism L v : v 1 - n H 11 ^) — > Pic(M v ) such 
that for every a e v 1 - n H 1 ' 1 (S) we have At, (a) = c\{L v (a)). 
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2. If S is abelian, there is an isomorphism N v : v 1 - n i? 1 ' 1 (S f ) — > Pic(K v ), 
such that for every a e v 1 - n H 1:1 (S) we have v v (u) = c±(N v (a)). 

Proof. If S is K3, the morphism L v is constructed in section 3.2 of [22] by 
using Le Potier's determinant construction, and for every a e v 1 - n fl" 1,1 (S l ) we 
have A„(a) = ci(L v (ct)) by definition. By point 1 of Theorem 12.51 we know 
that A„ is an isomorphism: this implies immediately that L v is injective. For 
the surjectivity, if L e Pic(M v ), then 7T*(ci(i)) e im(\ v ) n i? 1 ' 1 (M u ), hence 
there is a e v 1 n H 1 ' 1 (S) such that 7r*(ci(L)) = At, (a). As M v is irreducible 
symplectic, it follows that tt* (L) and tt* (L v (a)) are two isomorphic line bundles. 
Now, n* injects Pic(M v ) in Pic(M v ) (see Remark l2TTj) . hence L and are 
isomorphic, and the surjectivity of L v is shown. 

If S is abelian, Le Potier's determinant construction gives us a morphism 
L v : e x — * Pic(K v ), where e v e Khoi(S) is the class of a sheaf parameterized 
by M„ in the homological K— theory of S, and the orthogonal is with respect 
to the natural pairing on Khoi(S) given by the Euler characteristic. For every 
a e v 1 - n i? 1 ' 1 (5), we then define N v (a) := j*(L v (F)), where F e K ho i(S) is an 
element whose Chern character is a, and j v : K v — > M v is the inclusion. The 
proof then goes as in the previous case, where one uses K v instead of M v , N v 
instead of L v , j* o X v instead of A^, and point 2 of Theorem 12.51 instead of point 
1. □ 



3 The weight-two Hodge structure of the sym- 
plectic resolutions 

In this section we calculate the weight-two Hodge structures on H 2 [M v , Z) 
(when S is K3) and on H 2 (K V ,7*) (when S is abelian), together with their 
Beauville form. This result is interesting even on its own, and it will be used in 
the remaining part of the paper to prove Theorems 11.11 and 11.21 

The first step to describe the weight- two Hodge structures on H 2 (M v , Z) and 
on H 2 (K V ,Z) is to describe the lattice structures (with respect to the Beauville 
form) in terms of the Mukai vector v. In the following, we will make use of 
the notation for the orthogonal sum of lattices, using it even for orthogonal 
direct sums of lattices whose bilinear symmetric form takes values in Q. The 
description of H 2 (K v , 1) is easy (we will se that in this case H 2 (K v , Z) is Hodge 
isometric to v ®j_ Z(— 2), where Z(— 2) is the rank 1 lattice generated by an 
element of square —2), but more involved in the case of K3 surface. 

For this purpose, we need to introduce some notations: let S be a projective 
K3 surface, and w e H(S,"L) a Mukai vector such that w 2 = 2. Let v := 2w 
and A(w J -) the discriminant of the lattice v 1 - (which is equal to w 1 ): we have 
(A^- 1 )! = w 2 = 2. Let (w x )* be the dual lattice of v 1 , i. e. 

(v±)* = Hom z (v x ,Z) = {a e w x ® z Q | (a,/3) e Z, for every /3 e u x }. 

The bilinear symmetric form on (v^)* is the Q— bilinear extension of the Mukai 
pairing on w x , and we denote it by (., .)q>: in general, it does not take values in 
Z, but surely in Q. 
The morphism 

V 1 — >(v ± )*, a^(a,.):v^ — >Z 
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is injective, and v 1 - is a sublattice of (v 1 )* of index ^(v 1 )! = 2. Let us now 
consider the Z-module (ir 1 )* © ± Z ■ (a/2), over which we define a bilinear 
symmetric form b v by letting b v ^ v ±^ := (., .)q and b v (a,a) := —6. This is a 
non-degenerate symmetric bilinear form taking values in Q. 
Now, let r„ be the subset of (v 1 )* ©± Z • (a/2) defined as 

T v := {(a, ka/2) e (v 1 )* ® ± Z ■ (a/2) \ k e 2Z if and only if a 6 v 1 }. 

It is easy to see that r„ is a submodule of (v 1 )* ©j_ Z ■ (a/2). 

Remark 3.1. The submodule T v has a more explicit description as a submodule 
of (v 1 - (x) Q) ®± Q • o\ More precisely, we have 

I\, = {(0/2, fca/2) |/3ev\ jfc e Z, (0, v 1 ) c 2Z, and k e 2Z iff 0/2 e 

Indeed, if (3 e v x is such that (/3,v x ) c 2Z, then (0/2, w 1 ) c Z, so that 0/2 e 
(w x )*. Conversely, if a 6 (v )*, then := 2a e u x as the index of u x in (w x )* 
is 2. Hence (0,v x ) c 2Z. This proves that 

(t, 1 )* = {0/2 e i; 1 ® Q | e tr 1 , and (0, it 1 ) c 2Z}, 

and the equality above follows immediately. 

Remark 3.2. If we choose v = (2,0,-2), then it is easy to see that r„ is 
isometric to H 2 (Miq,Z). Indeed, we have a Q— linear morphism 

fv : (w" 1 ®Q) ©± Q ■ cr — > H 2 (M W ,Q), f v (a,ha) := X(a) + hc(t), 

where by abuse of notation we still write A for the Q— linear extension of A. 
Now, by definition of b v we have 

b v ((ai,hia), (a 2 ,h 2 a)) = (ai, a 2 )q - 6hih 2 , 

and by point 2 of Theorem 12.31 we have 

Bio(fv(oii,hia), f v (a 2 ,h 2 a)) = Bio(A(ai) + h 1 c 1 (T,),X(a 2 ) + h 2 ci(E)) = 

= (a l7 a 2 )q - 6hih 2 , 

where by abuse of notation we denote b v and Bio the Q— bilinear extensions 
of the symmetric bilinear form b v on (v )* ®± Z • (a/2) and of the Beauville 
form Bio on H 2 (Mio, Z). It follows that the morphism f v sends the Q— bilinear 
extension of b v to the Q— bilinear extension of Biq. 

The morphism f v is an isomorphism of Q— vector spaces by Theorem 12.31 
it follows that H 2 (M W ,Z) is isometric to f~ 1 (H 2 (M w , Z)). Finally, we have 
f- x (H 2 (M xa ^)) = T v . Indeed, let (a, ka/2) e I\,: as v = (2,0,-2) and 
a e (v 1 )*, we have a = (n/2, a' ,n/2) for some n e Z and a 1 e H 2 (S,1i), hence 
n e 2Z if and only if k e 2Z, i. e. n + k is always even. By point 3 of Theorem 
12.31 we have 

f v (a, ka/2) = $(a') + n Cl (B) + ^y^ci(E) 6 H 2 (M W , Z), 

so that r,j cz f ~ 1 (H 2 (Mio, Z). For the opposite inclusion, by point 1 of Theorem 
12.31 an element 7 e H 2 (Miq,Z) is of the form jZ(a') +nc\(B) + mci(£) for some 
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a! e H 2 (S,Z) and n, m e Z. Hence we have 7 = f v ((n/2, a', ra/2), (m, — n/2)cr), 
and ((n/2, a', n/2), (m - n/2)a) 6 IV 

In particular, the symmetric bilinear form on r„ is non-degenerate and takes 
values in Z. 

Remark 3.3. If S is abelian and v = (2, 0, —2), then it is easy to describe the 
lattice H 2 (Kq,Z) in terms of v. we consider the Z— module i> x ©x Z • a, with 
the bilinear symmetric form b v defined by letting b v \ v ± to be the Mukai pairing 
on v and b v (a, a) = —2. Then we have a morphism of Z— modules 

/„ :v L ® ± Z-a—>H 2 (K 6 ,Z), f v (p,ka) := v{p) + fcc x (A). 

Using Theorem 12.41 it is easy to show that /„ is an isometry. 

We now state and prove the main result of this section, in which we describe 
the pure weight-two Hodge structure and the lattice structure of H 2 (M V> Z) (if 
S is K3) and H 2 (K V ,Z) for every OLS-triple (S,v,H). Before doing this, we 
recall that if (S, v, H) is an OLS-triple, then v = 2w for some primitive Mukai 
vector w such that w 2 = 2. On v we have a pure weight-two Hodge structure 

(^-L) ' 2 : = ( V -L (g) C) n H°' 2 {S), (v 1 ) 2 - := (v 1 ® C) n # 2 '°(S'), 

( V -L)i.i : = (B^OnFfS). 

Notice that even the dual lattice (v- 1 )* has then a pure weight-two Hodge struc- 
ture, as (v- 1 )* is a Z— submodule of maximal rank of v 1 - ® Q. Finally, we have 
a pure weight-two Hodge structure on r„ as follows: 

IT := (^) ' 2 , r 2 <° := (^) 2 <°, 

:= ( W ± ) 1 ^ 1 ©C-a. 

Moreover, consider the Z— module v 1 - ©x Z • ^4 with the symmetric bilinear form 
b v defined by letting b v i v x to be the Mukai pairing on v 1 - and b v (A, A) : = —2. 
This is a lattice which carries a natural pure weight-two Hodge structure as 
follows: 

(v x ©x Z • A) ' 2 := (^) ' 2 , (v X ©X Z • A) 2 ' := (^) 2 '°, 

(w 1 ©xZ-^1) 1 ' 1 := (v 1 ) 1 ' 1 ©C • A 
The main result of this section is the following: 
Theorem 3.4. Let (S, v, H) be an OLS-triple. 

1. If S is K3, then there is a Hodge isometry 

f v :T v ^H 2 (M v ,Z). 

2. If S is abelian, then there is a Hodge isometry 

f v :v x ® x Z-A^H 2 (K v ,Z). 
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Proof. We use the following notations: first of all, we write v = 2(r, £, a). More- 
over, if / : Y — > T is any morphism of schemes and L e Pic(Y), then we write 
Y t : = / _1 (i) and L t := Li Yt e Pic(Y t ). We divide the proof in two cases: 

Case 1: S is a projective K3 surface. In this case we have a natural morphism 

/„ : I\, — > H 2 (M V .Q), f v (a,ka/2) := X v (a) + |ci(E„), 

where here, by abuse of notation, we still denote A„ the Q— linear extension of 
X v (recall that a e (v 1 )* £ v 1 - ®Q). Notice that f v is a Hodge morphism, as a 
and Ci(S w ) are both (1, 1)— classes and A„ is a Hodge morphism. We are then 
left with verifying the following properties: 

1. /„ :r„ — H 2 (M V ,Z); 

2. /„ is an isomorphism of Z— modules; 

3. f v is an isometry. 

First of all, all these properties are verified in the case of M\o, as shown in 
Remark 13.21 Now, recall that M v is deformation equivalent to Mio, and this 
equivalence is obtained by using two kinds of transformations (see the proof of 
Theorem 1.6 of [22): one is the deformation of M v induced by a deformation 
of the OLS-triple (S,v,H) along a smooth, connected curve T; the other is the 
isomorphism induced by some Fourier-Mukai transforms. It is then sufficient to 
show that the previous properties are stable under these transformations. 

For the first kind of transformations, consider T to be a smooth, connected 
curve, and (S^,JC, Jf? ) a deformation of the OLS-triple (S,V,H) along T. This 
is given by a smooth, projective family tp : S£ — > T of K3 surfaces such that 
3£q ~ S for some e T, and by two line bundles S£ , 6 Pic(^) such that 
,Jif ~ H and J£q ~ L, where L e Pic(S) is such that c\(L) = £. For every t e T 
we write £ t := ci(^f t ), v t := 2(r, ^ t ,a), and T 1 for the subset of T given by all 
the t e T such that (3£t, v t , J$°t) is an OLS-triple. 

We write <f> : ^# — > T (resp. cf> s : ^ s — > T) for the relative moduli 
space of semistable (resp. stable) sheaves, £ := -M\^ s and ip : ^# — > T 
for the blow-up of ^# along S with reduced structure. By [21] we know that 
= M Vt (&t,J0t) for every t e T', and R 2 ifj*Q is a local system on T, such 
that (# 2 V>*Q)t = H 2 (M Vt7 Q) for every t e T'. 

Moreover, we have a local system VonT such that Vt =; for every t e T. 
This allows us to define a local system r c (y§Q) © x Q • (cr/2) on T such that 
r t = for every t 6 T. By the construction of the morphism A„ given in [22] , 
we have a morphism 

A : V — > R 2 ^Q, 

such that A t = A„ t for every t e T". This allows us to define a morphism 

/ : r — » i?V*Q 

such that ft = f Vt for every t e T'. Hence f v takes values in H 2 (M V ,'L) (resp. it 
is an isomorphism of Z— modules, it is an isometry) if and only if there is t e T' 
such that f Vt does. 

For the second kind of transformation, let (S,v,H) and (S,v',H') be two 
OLS-triples, and suppose there is a Fourier-Mukai transform FM : D b (S) — > 
D b (S) verifying the two following properties: 
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1. for every H— stable sheaf <§ of Mukai vector v (resp. w := v/2) we have 
that FM($) is W— stable and has Mukai vector v' (resp. w' := v'/2); 

2. for every H 1 — stable sheaf S of Mukai vector v' (resp. w') we have that 
FM -1 ^) is H— stable and has Mukai vector v (resp. w). 

Then FM induces an isomorphism g : M v — > M v i which gives an isomorphism 
between £„ and S W '. Hence, it induces an isomorphism g : M v — > M v i, and 

g* : H 2 {M v , , Z) — > H 2 (M v , Z) 

is a Hodge isometry such that g*(ci(£„<)) = ci(E v ). Moreover, FM induces a 
Hodge isometry h : (v') 1 — > w -1 , and the following diagram 

(v') x v x 
x v ,i Ik 

H 2 (M V ,,Z) H 2 (M V ,Z) (2) 

if 2 (M^,Z) ^> H 2 (M V ,Z) 

is commutative: the commutativity of the top diagram is shown in Lemma 3.11 
of |22j . and the commutativity of the down diagram comes from the definition 
of g. Notice that the Hodge isometry h extends to a Hodge isometry 

h:T v , — > T v , h(a, fccr/2) := (h(a), ka/2), 

where, by abuse of notation, we still write h for the Q— linear extension of h. 
The commutativity of the diagram then implies that the following diagram 

p _ -» F 

1 v / * L v 

f„>i Ifv 

H 2 (M V ,,Q) H 2 (M V ,Q) 

is commutative. As h and g* are two isometries and g is an isomorphism, then 
/„ takes values in H 2 (M V , Z) (resp. it is an isomorphism of Z— modules, it is an 
isometry) if and only if /„/ does. 

Case 2: S is an abelian surface. We have a natural morphism 

f v : v x ® X Z ■ A ^ H 2 (K V ,Q), f v (a,kA) := P v (a) + 

which is easily seen to be a Hodge morphism. We then just need to show that 
/„ takes values in H 2 ( K K V ,'E), that is an isomorphism of Z— modules, and that 
it is an isometry. By Remark 13.31 these properties are verified in the case of Kq. 
To show them for every OLS-triple, the proof is formally the same as in the 
previous case. □ 

Remark 3.5. A difference between M v for a K3 surface and K v for an abelian 
surface is that in the first case the exceptional divisor is primitive, while in the 
second case it is divisible by 2. This follows from Theorem 13.41 

To see it more directly, recall that M v (resp. K v ) is deformation equivalent 
to Mio (resp. to Kq), and the deformation equivalence is realized as recalled 
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in the proof of Theorem 13.41 Following this deformation, we notice that the 
exceptional divisor £„ of M v (resp. of K v ) deforms to the exceptional divisor 
£ of Mio (resp. Kq). The divisibility of is then equivalent to the divisibility 
of S: on Mio, we have that £ is primitive by Theorem 12.31 while on Kq the 
divisor £ is divisible by 2 by Theorem 12.41 The square root of &(Yj v ) plays in 
important role for the 2— factoriality of K Vl and we denote it A v . 

4 Factoriality of M V (S, H) and K V (S, H) 

The aim of this section is to prove Theorems 11.11 and 11.21 We use the following 
notation: if L is a Z— module with a pure Hodge structure of weight 2, we write 
L*' 1 :=Ln L 1 ' 1 . 

4.1 The proof of Theorem 11.11 

We begin with the factoriality of the moduli space M V (S,H) associated to an 
OLS-triple (S, v, H) where S is a K3 surface. First of all, we prove the fol- 
lowing result in which we present a criterion for the local factoriality and the 
2 -factoriality of M V (S, H). 

Proposition 4.1. Let (S,v,H) be an OLS-triple such that S is a projective K3 
surface. ThenM v (S,H) is either 2— factorial or locally factorial. Moreover 

1. M V (S,H) is 2— factorial if and only if there is (3 e (v ± )^ 1 primitive such 
that (f3, it 1 ) c 2Z. 

2. M V (S,H) is locally factorial if and only if for every primitive j3 e (t 1 ^)^ 1 
we have (^v^) = Z. 

Proof. We know that M v is simply connected, so that Pic(M v ) = H 2 (M V ,Z) n 
H 1 - 1 (M V ). By Remark 1 3. II we have that (r^)^' 1 is equal to the set 

{08/2, fccr/2) | /3 e (w x )z \ 08, v- 1 -) c 2Z, fee Z, and k e 2Z iff 0/2 e it 1 }. 

By point 1 of Theorem 13.41 we have Pic(M v ) = /^((r^)^ 1 ). 
We have an exact sequence 

— > Z Pic(M v ) Pic(M°) — > 0, 

where t(l) := ^(Et,) and r is the restriction morphism. From this exact sequence 
it follows that 

Pic(M°) = Pic(M v )/Z ■ = UdTvf/yZ ■ f v (a). 

Since the complement of M£ in M v has codimension 2, we have A 1 (M V ) = 
Pic(M%). Moreover, by Corollary 12.71 we have Pic(M v ) = L 1 ,((w J -)^' 1 ), hence 
ir*(Pic{M v )) = f v ((v r f/). Therefore 

A\M v )/Pic(M v ) = Pic(M t) )/(/ t) ((u x )^' 1 ) ® ± Z ■ f v (a)) ~ 
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This quotient is either Z/2Z or trivial. It is Z/2Z, i. e. M v is 2— factorial, 
if and only if there is /?' e (f 1 )^ 1 which is not divisible by 2 in (f 1 )^' 1 such 
that (p',v^) c 2Z. If iV := max{n e N\f3'/n e (v 1 ) 1 ^ 1 }, then N is odd and 
P := P'/N is a primitive element of (v^)^ 1 such that (/3,v x ) c 2Z. 

The quotient (T v )^ /((v^ 1 © ± Z • cr) is trivial, i. e. M v is locally factorial, 
if and only if for every ft e (v x ) z ' such that (P,v ± ) c: 2Z there is a 6 (v ± )£ 
such that P = 2a. This means that for every primitive P e (i'" L ) z ' we cannot 
have (P, v^-) c 2Z: as |A(w x )| = 2, this implies (J3, ir 1 ) = Z. □ 

Remark 4.2. Notice that as (A^- 1 )] = 2, it follows that if P e {v^ 1 is such 
that (P, v 1 ) c 2Z, then we even have (P, v 1 ) = 2Z. 

The statement of Proposition ^, ll has an equivalent reformulation which gives 
a criterion for the local factoriality and for the 2-factoriality which is easier to 
verify in concrete situations. 

Theorem 11.11 Let (S,v,H) be an OLS-triple such that S is a projective K3 
surface, and write v = 2w. Then M V (S,H) is either 2— factorial or locally 
factorial. Moreover 

1. M V (S, H) is 2— factorial if and only if there is 7 e H (S, Z) n i? 1,1 (5') such 
that (7, w) = 1. 

2. M V (S,H) is locally factorial if and only if for every 7 e H(S,'Z)nH 1 ' 1 (S) 
we have (7, w) e 2Z. 

Proof. The fact that M v is either locally factorial of 2— factorial was already 
shown in Proposition 14.11 We are then left to show the two criteria for the 
2— factoriality and for the local factoriality. As w 2 = 2, then either there is 
7 e H^iS) n H 2 (S, Z) such that (7, w) = 1, or for every 7 e H(S) n H 2 (S, Z) 
we have (7, w) e 2Z. Hence, we just need to show that M v is 2— factorial if and 
only if there is 7 e H(S, Z) n H 1 ' 1 (S) such that (7, w) = 1. 

As w 2 = 2, we have that ^(u- 1 )] = |A(Z-ui)| = 2. It follows that v^@±1-w 
is a sublattice of H (S, Z) of index 2. Moreover, the natural inclusion of H(S, Z) 
in (t; ± )*© ± (Z-w)* presents H(S, Z) as a sublattice of index 2 of (u- L )*© ± (Z-w)*. 
More precisely, if 

H v := {(£1, 62) e (w- 1 )* ©x (Z • w)* I (5i e v 1 - if and only if 5 2 e Z • w}, 

then H(S,Z) = H v (indeed, we have ((w ± )*©_ L (Z-w)*)/(i;- L © ± Z-w) ~ (Z/2Z) 2 , 
hence there are only three sublattices of (v x )* ®± (Z • w)* of index 2, which are 
(v- L )*®±Z-w, v ± ® ± (Z-w)* andiJ„; but notice that ((it 1 )* © ± Z- w) nH(S,Z) 
and (w x ©x (Z • io)*) n ^(S", Z) are both equal to v 1 - (B± Z • w, hence we have 
H(S,Z)=H V ). 

Now, let us suppose that M v is 2— factorial. By Proposition 14.11 it follows 
that there is a primitive p e (u 1 )^' 1 such that (/3, u- 1 ) c 2Z. This implies that 
P/2 e (v 1 )*: then 7 := (P/2,w/2) e i. e. 7 e H(S,Z). As both /3 and 
are (1, 1)— classes, it follows that 7 e H(S,Z) n H 1 ' 1 (S). Moreover, as e w 1 
and m 2 = 2 we have (7, w) = w 2 /2 = 1. 

Conversely, suppose that there is 7 e H (S, Z)nH 1,1 (S) such that (7, w) = 1. 
By the equality H(S,Z) = H v there are S± e (v ± )* and 82 e (Z • w)* such that 
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7 = (Si, 82)- As 7 is a (1, 1)— class, we even have that 81 has to be a (1, 1)— class 
in (v 1 )*. As (Si,w) = 0, it follows that 62 = w/2, so that 81 $ v 1 . Now, recall 
that v 1 - has index 2 in (i> x )*: it follows that /3' := 26i e (v^)^ 1 is not divisible 
by 2 in tj x , and (/?', it 1 ) c 2Z. If TV := max{n e N | /3'/AT 6 zr 1 }, then N is odd 
and /? := fi'/N e (w^)^ 1 is primitive, and (/3,w x ) £ 2Z. By Proposition 14.11 it 
follows that M v is 2— factorial. □ 

Remark 4.3. We observe that the condition which guarantees that M V (S,H) 
is 2— factorial in Theorem 11.11 is the same one that Mukai shows to imply the 
existence of a universal family on M W (S,H) (see [15]). 

From Theorem 11.11 it is easy to produce examples of OLS-triples (S,v,H) 
such that M V (S, H) is locally factorial: 

Example 4.4. Let n, m e Z, and S be a K3 surface with Pic(S) = Z, such that 
there is £ 6 Pic(S) with £ 2 = 2 + 2nm. Then the Mukai vector w := (n, £, m) 
is such that u> 2 = 2, hence it is primitive. Moreover, as Pic(S) = Z, then for 
every £ e Pic(S) we have £ ■ C e 2Z: it follows that M2U, is locally factorial if 
71, m e 2Z. 

If one between m and n is odd, then M 2w is 2— factorial. Indeed, suppose 
that m is odd: as w 2 = 2 then m has to be prime with £ 2 . It follows that there 
are h,k e Z such that ((0, h£, k),w) = 1, and Theorem 11.11 implies that M2 W is 
2— factorial. 

4.2 The proof of Theorem Q 

This section is devoted to the study of the factoriality properties of M V (S,H) 
and K V (S, H) for every OLS-triple (S 1 , tj, where 5 is abelian. More precisely, 
we prove 

Theorem 1.2. Let (S,v,H) be an OLS-triple such that S is an abelian surface. 
Then M V (S,H) and K V (S,H) are 2— factorial. 

Before starting the proof, we introduce here some notations which will be 
useful in the following, namely the commutative diagrams: 

»° 

HI iiv and ill 

M„ s M v M s v 

where iviitijvijvijv are the inclusions, and where i v (resp. is the compo- 
sition of (tt" 1 ) 1 A-/j (resp. ( , Kv 1 )\k°) with the inclusion of n~ 1 (M^) (resp. of 
7r~ 1 (i(r*)) in M v (resp. K v ). Moreover, we let E be the exceptional divisor of 
tt v : M v — > M v . Notice that j*(E) = S„. 

4.2.1 The 2-factoriality of K V (S, H) 

We begin by proving that K V (S, H) is 2— factorial, showing then the first half of 
Theorem 11.21 The proof of the 2— factoriality of K V (S,H) is similar to the one 
of Proposition 14. II Moreover, here we want to stress the role of the line bundle 
A v e Pic(K v ) such that A® 2 = ^(E r ) (see Remark^ES]). 



K v 
M v 



(3) 
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Proposition 4.5. Let (S,v,H) be an OLS-triple such that S is an abelian 
surface. Then K V (S,H) is 2— factorial, and Pic(K%)/Pic(K v ) is generated by 
the class of (1° V )*(A V ). 

Proof. As K v is simply connected, we have Pic(K v ) = H 2 (K V ,%) n 1,1 
By point 2 of Theorem 13.41 we have then 

Pic(K v ) = f v ((v ± ) 1 /® ± Z-A). 

Now, we have an exact sequence 

— > Z -U Pic(K v ) Pic(K s v ) — > 0, 

where := ff{Y, v ) and r is the restriction morphism. From this exact sequence 
and the fact that ci(^(£„)) = f v (2A), it follows that 

Pic(K°) = Pic(K v )/Z ■ <?(£„) = f v {{v^f/ © ± Z ■ A)/Z ■ f v (2A). 

Since the complement of in K v has codimension 2, we have A^-^Ky) = 
Pic(K*). Moreover, by point 2 of Corollary |2.7l we have Pic(K v ) = N v {(y^~)^ 1 ), 
hence n*(Pic(K v )) = Udv^ 1 /). Therefore 

A x (K v )IPic(K v ) = Pic(K v )/(f v ((v x )^) ® ± Z ■ f v (2A)) =- 

^ {{v X f/ ©± Z • A)/(( w x )^ ©x Z • 2A) ~ Z/2Z, 
and the generator is the class of (i®)*A v . □ 

4.2.2 The 2-factoriality of M V (S, H) 

By Proposition ^. 5[ to complete the proof of Theorem ll.2l it only remains to show 
that M V (S,H) is 2— factorial for every OLS-triple (S,v,H) where S is abelian. 
First, by using Proposition ^. 5l we show that the moduli space M V (S, H) is either 
locally factorial or 2— factorial. 

Proposition 4.6. Let (S,v,H) be an OLS-triple such that S is an abelian 
surface. Then M V (S,H) is either locally factorial or 2— factorial. 

Proof. We have a finite etale cover 

K v x(S x S) M v , (.?,p,L)^t*.?®L, 

where t p : S — > S is the translation by p. We use the following general fact in 
commutative algebra: if A and B are two Noetherian local rings and / : A — > B 
is a morphism of local rings giving to B the structure of a flat A— module, then 
the natural morphism Cl(A) — > Cl(B) is injective (see Proposition 21.13.12 
of EGA IV). Applying this to our situation, we see that if K v x (S x S) is 
2— factorial, then M v is either locally factorial or 2— factorial. 

We are then left with showing that K v x (S x S) is 2— factorial. By Remark 
5.3 of [3] we have that 

A 1 (K v x (S x §)) = A 1 (K v ) x A\S x S) x Hom(Alb(K v ),P(S x §)), 
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where Alb(K v ) is the Albanese variety of the singular variety K V) and P(S x S) 
is the Picard variety of S x S. Notice that as K v is irreducible symplectic by 
point 2 of Theorem 12.51 we have that Alb{K v ) is trivial, so that Alb(K v ) is 
trivial, and 

A l {K v x (S x §)) = A^Kv) x A 1 (S x S). 
We have a similar description of the Picard group of K v x (S x S) 

Pic(K v x (S x §)) = Pic(K v ) x Pic(S xS)x Hom(Alb(K v ), P(S x §)) = 

= Pic(K v ) x Pic(S x S). 
As S x S is smooth, we have that A 1 (S x S) = Pic{S x S). It follows that 

A 1 (K v x (S x S))/Pic(K v x(S x§))= A 1 (K v ) / 'Pic(K v ) ~ Z/2Z 

by Proposition 14.51 Hence K v x (S x S) is 2— factorial, and we are done. □ 

To conclude the proof of Theorem 11.21 by Proposition 14.61 we have then 
just to show that M v is not locally factorial, i. e. that Pic(M v ) is strictly 
contained in Pic(M^). This is true if there is a line bundle L e Pic{M v ) such 
that j*(L) = A v . Indeed, consider i*{L) e Pic(M^): if there was V e Pic(M v ) 
such that i*(L) = i*(L'), then by the commutativity of the diagrams ([3]) we 
would have 

dlTA v = $l)*f v (L) = (i° v yj:(L'). 

As j*(L') e Pic(K v ), it would follow that (j v )*A v is trivial in Pic(K s v )/Pic(K v ), 
which is not possible from Proposition 14.51 

In conclusion, in order to complete the proof of Theorem 11.21 it is sufficient 
to find L G Pic(M v ) which restricts to A v on K v or, equivalently, it is sufficient 
to find a line bundle on Pic(M v ) whose restriction to K v is 6{Y> V ), and whose 
first Chern class is divisible by 2 in H 2 (M V ,Z). 

The strategy to prove the existence of such a line bundle will be the following: 
first, we prove a criterion to determine if for a class a 6 H 2 (M Vl X) there is 
j3 e H 2 (M V , Z) such that a = 2(3; then we provide a line bundle on M v whose 
first Chern class verifies such a criterion. 

Criterion for the divisibility in H 2 (M V , 7L). In order to determine if a class 
a e H 2 (M v , Z) is divisible by some integer n in H 2 (M v , Z) , we will see that it is 
sufficient to show that a is divisible by n when restricted to K v and to a certain 
P 1 — bundle P M v . The first part of this section is devoted to the construction 
of such a P 1 — bundle. 

Let F e M w , so that F is an H— stable sheaf of S with Mukai vector w. 
Moreover, we consider the following morphisms: we write 7Ti and 7T2 for the two 
natural projections of S x S, and pij for the projection of S x S x S to the 
product of the i— th and of the j— th factors. Finally, consider the morphism 

f:SxS^SxS, f{p,q):={p + q,q). 

Define 

& ■=pW*WF))® p * z &, 
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where £P is the Poincare bundle on S x S. It is easy to see that for every p e S 
and L e S we have that 

where 

t p : S — > S, t p (q) := q+p 

is the translation with p. 

Now, recall that as w is primitive and w 2 = 2, then by [16] and [29] the 
morphism a w : M w — > S x S is an isomorphism. Let 

^ := (ids x a w )*&, 

which is an M w — flat family of coherent sheaves on S x M m . Moreover, it is a 
universal family: indeed, we have a morphism 

h:SxS — >M W , h(p,L) :=t*F®L, 

as for every p e S and L e S the sheaf i*F (x) L is ff— stable of Mukai vector 
u;. This is an isomorphism, as shown in section 1.2 of [28) . and & is now easily 
seen to be a universal family on S x M m . 

Now, consider G e M m and let W := ^\sx{M w \{G})- Let qi and 52 be the 
two projections of S x (M W \{G}) respectively to S and to M W \{G}, and define 

This is a locally free sheaf of rank 2, as showed in the following: 

Lemma 4.7. The sheaf V is a vector bundle of rank 2 over M W \{G}, and for 
every H e M W \{G) we have t H ~ Ext 1 (G,H). 

Proof. As G and H are two non-isomorphic stable sheaves with Mukai vector w, 
we have that x(F,G) = -2 and Hom(G, H) = Ext 2 (G,H) = 0. This implies 
that Ext 1 (G, H) is a 2— dimensional vector space. By cohomology and base 
change, it even follows that Y is a vector bundle such that Yjj — Ext 1 (G, H), 
so that the rank of ~V is 2. □ 

We now let 

P := V(y) JU M W \{G}, 
which is a P 1 — bundle over M W \{G}, and we show that P is contained in M v : 

Proposition 4.8. Let (S,v,H) be an OLS-triple such that S is an abelian 
surface. Let 

g : M W \{G} — » M v , g(H) :=G®H. 
There is an injective morphism t : P — > M v such that the following diagram 

P M v 



M W \{G} -?-» M v 



is commutative. 
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Proof. We first produce a tautological family Jff on S x P parameterizing exten- 
sions of sheaves H e M U ,\{G} by G. In section 2.2 of [50], and in particular in 
Proposition 2.2.10, O'Grady gives a modular description of M^n^ 1 (Sing(Y, v )), 
where Sing(Y> v ) is the singular locus of T, v : even if this description is proved 
for the Mukai vector (2,0, —2), it works in our general setting. Using such a 
modular description, the tautological family 34? induces an injective morphism 
t : P — > M v letting the diagram of the statement commute. 

To produce the tautological family Jif, we use the same procedure described 
in the Appendix of [21] . More precisely, we have the following commutative 
diagram 

S S x P P 

idsi idsxpl [p 

S ^ Sx(M w \{G}) -^U M W \{G} 

and if 2? is the tautological bundle of P, then there is a canonical injective 
morphism s : 2? — > p*Y . Notice that 

v *y = p *gxt 1 q2 (qlG, <%') = Sxt\ 2 (r\G, (ids xp)*f). 

The morphism s defines then an element 

a e H°(F, gxt\ 2 (r* x G ® r*!7, {ids x p)*W))- 

Using the spectral sequence associated with the composition of functors, we 
have and exact sequence 

Ext^rfG^r*^, (id s x P )*^') — » H°(¥, Sxt\ 2 (r*G®rf ^, (id s xp)*W)) — > 

— > H 2 (¥, Jfom r2 (rfG® r*,^, (id s xp)*f')). 

Now, recall that for every F e M W \{G} we have Hom(G, F) = 0. It follows from 
this that Jf°om r2 (r*G ®rf (ids x p)*W) = 0, so that a lifts to an element 
a' e Ext x (r\G (x) r|^, (ids x P)*^')i corresponding to an exact sequence 

— > (ids x V)*W — > — > rlG®rlSr — > 0. 

The family J%? is the one we are looking for, as for every Q e P, restricting Jff 
to p^(Q) we get the extension parameterized by Q. □ 

We now state and prove the criterion for divisibility of classes in H 2 (M V ,Z): 

Proposition 4.9. Let a e H 2 (M V ,Z) and n 6 N. There is f3 e H 2 (M V ,Z) such 
that a = n/3 if and only if there are j3' e H 2 (K v , Z) and (3" e H 2 (P, Z) such that 
j*a = nj3' and t*a = nf3" . 

Proof. It is immediate to see that if a = n/3 for some (3 e H 2 (M V ,Z), then 
j*a = nj*/3, where j*/3 e H 2 (K V ,Z), and similarly for the restriction to P. 

We now show that if a e H 2 (M V ,Z) is such that there are ft' e H 2 (K V ,Z) 
and (3" e H 2 (¥, Z) such that j*a = n(3' and t*a = n(3" , then there is a class 
(3 e H 2 (M V ,Z) such that a = n/3. To do so, it is sufficient to show that there 
is a basis B = {71, ...,7 r } of H2(M Vl Z)/tors such that a ■ 7j e nZ for every 
i = 1, ...,r. The following Lemma allows us to construct such a basis B. 
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Lemma 4.10. Let (£, v, H) be an OLS-triple such that S is an abelian surface. 
Let Bi = {71,..., 78} be a basis of H2(K v ,Z)/tors and B2 = {Si, #28 } a se t 
of independent elements ofH 2 (M v ,Z) such that {a,v*5i, Sw^s} is a basis of 
H^iS x S,Z). Then B := j v ^(Bi) uJ?2 is a basis of H2(M v ,Z)/tors. 

Proof. To prove that B is a basis of H2(M v ,Z)/tors we construct a basis of 
H 2 (M V: Z), and we show that the determinant of the evaluation matrix is 1 or 
— 1. Consider the Leray spectral sequence associated to a v : M v — > S x S, 
which is 

E™ = H p (S x S,R q a v *Z) ==> H p+q (M v ,Z). (4) 

Notice that R}a v *Z = as the fibers of a v are irreducible symplectic manifolds. 
It follows that Ef' 1 = for every p, and that 

S* : H 2 (S x S,Z) — > H 2 (M V ,Z) 

is injective. Moreover, we have that E^ 2 = H°(S x S,R 2 a v *Z) is the saturated 
submodule of H 2 (K v , Z) given by all the classes which are invariant under mon- 
odromy. 

We show that all the classes of H 2 (K v , Z) are invariant under monodromy, 
so that E2' 2 = H 2 (K V ,Z). Indeed, suppose that a e ir*(H 2 (K v ,Z)), and 
write a = ir*a' for some a' e H 2 (K V ,Z): by point 2 of Theorem 12.51 we know 
that v v : v 1 - — > H 2 (K v , Z) is an isomorphism, and as recalled in Remark 
12.61 we have a morphism A„ : v 1 - — * H 2 (M v , Z) such that v v = j* a \ v . It 
follows that the morphism j* : H 2 (M V ,Z) — > H 2 (K V ,Z) is surjective, hence 
there is a" e H 2 (M Vl Z) such that a' = j*(a"). Then a = j£ «(«")), and 
Tr* v (H 2 (K v ,Z))QE° 2 ' 2 . 

Now, by point 2 of Theorem 13.41 we know that H 2 (K V ,Z) is generated by 
the pull-back of H 2 (K V ,Z) and by Ci(A v ), where A v e Pic(K v ) is such that 
A® 2 = &{T, V ). Now, notice that c x (S„) = J*(c x (.§)), so that ci(E„) e -E^' 2 . As 
£^2 >2 is a saturated submodule of H 2 (K Vl Z) 7 it follows that ci(A„) 6 E^ 2 . In 
conclusion, we have E^ 2 = H 2 (K V , Z). 

Consider now the Leray spectral sequence 

HP(S x S,R q a v *Q) => ff p+9 (M„,Q), 
which degenerates by Deligne's Theorem. We have then an exact sequence 
— » H 2 (S xS,Q)^ H 2 (M V ,Q) — » H 2 (K V ,Q) — » 0, 

so that 62 (M„) = 62 (5 x 5) + b 2 (K v ) = 36. Now, the Leray spectral sequence 
(|1]) gives us an exact sequence 

— >H 2 (S x S,Z) ^ H 2 (M V ,Z) ^ H 2 (K V ,Z) — > H 3 (S x S, Z). 

As b2(M v ) = b 2 (S x S) + b2(K v ), it follows that the image of the morphism 
H 2 (K V ,Z) — > H 3 (S x £,Z) is contained in the torsion part of H 3 (S x S,Z), 
which is surely trivial. 

We finally get an exact sequence 

— > H 2 (S xS,Z)^> H 2 (M V ,Z) H 2 (K V ,Z) — > 0. 
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It follows that there is a set {Ci, Cs} of elements of H 2 (M Vl Z) which restricts 
to a basis of H (K V ,Z), and if {£1, £28} is a basis of H 2 (S x S,Z) then the 
set B' : = {2*£l, a*£ 2 8, Ci> Cs} is a basis of H 2 (M V ,Z). 

To show that B is a basis for H2(M v ,Z)/tors, we show that the evaluation 
matrix M (whose entries are the evaluations of the elements of B' on those 
of B) has determinant 1 or —1. Notice that M has four blocks, which are 
Mi := Mli)l M 2 = MS 3 )l M 3 = [2*6(7,-)] and M 4 = [a^)]. By 
definition, we have \det(Mi)\ = \det{Mi)\ = 1, and M3 = 0, so that in conclusion 
|dei(M)| = 1, and we are done. □ 

We now conclude the proof of Proposition 14.91 We construct a basis B of 
H2(M v ,Z)/tors as in the statement of Lemma 14. 101 and such that a(B) c. nZ. 
Let {71, ...,78} be a basis of H2(K v ,Z)/tors: as j*a = n/3' for f3' e H 2 (K V ,Z) 
it follows that 

for i = 1, 8. It remains to find {Si, ...,62s} £ H 2 (M V ,Z) which surjects onto 
a basis of H 2 (S x S, Z), and such that a(Si) e 11Z for i = 1, 28. 
To do so, notice that we have a commutative diagram 

P M v 

pi la. (5) 

M W \{G} ^ S xS 

where by abuse of notation we write a w for the restriction to M W \{G} of the 
isomorphism a w : M w — > S x S. Since P is the projectivized of a rank 2 vector 
bundle "P, from the Leray spectral sequence of the fibration p the morphism 
p* : H 2 {M W \{G},Z) — > H 2 {¥,Z) is a saturated inclusion. It follows that 

: H 2 (¥,Z) H 2 (M W \{G},Z) 

is surjective. Let {S[, S' 2S } be a set of elements of i?2(P, Z) which surjects onto 
a basis of H2(M W \{G} , Z), and let Si := t^S^ for i = 1, 28. As a w induces an 
isomorphism between H 2 (M W \{G},Z) and H 2 (S x S,Z), by the commutativity 
of the diagram (JSJ) we then see that {S%, (528 } is a set of elements of H2(M V ,Z) 
which surjects onto a basis of H2(S x 5,2). Moreover, as t*a = n/3" for some 
P" e i? 2 (P,Z), we then have 

a{Si) = t*a(S' t ) =nP"(S' i )enZ, 

and we are done. □ 

Remark 4.11. In the proof of Lemma T4. 101 we showed that 62 (M v ) = 36, and 
that H 2 (M V ,Z) is a free Z— module. 

Conclusion of the proof of Theorem 11.21 We are now ready to prove the 
remaining part of Theorem 11.21 which is the following: 

Proposition 4.12. Let (S,v,H) be an OLS-triple such that S is an abelian 
surface. Then M V (S, H) is 2— factorial. 
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Proof. In order to prove the statement, by Proposition ^. 61 we just need to show 
that Pic(M v ) is strictly contained in Pic(My). This is the case if there is a 
line bundle on M v whose restriction to K v is A v . We show that it exists by 
presenting a line bundle L e Pic(M v ) whose restriction to K v is £?(£„), and 
such that there is f3 e H 2 (M V ,Z) such that ci(L) = 2/3. 

First of all, recall that we defined a rank 2 vector bundle Y on M W \{G} such 
that IP = F(Y). As a w : M W \{G} — > S x S is an open embedding, there is a 
line bundle Jzf e Pic(S x S) such that a* (_Sf) = dei(r). 

We define L := E + a* (if) : notice that 

J„*(L)=JJ(£) = ^(S K ). 

By Proposition 14.91 it is then sufficient to show that j*(L) and t*(L) admit 
square roots in Pic(K v ) and Pic(P) respectively. We already know that j*(L) = 
A® 2 , hence it remains to show that t*(L) admits a square root in Pic(P). 
Now, by adjunction 

t*(E) = K r / Mw \{ G }, 

the relative canonical divisor of the P 1 — fibration p : P — > M W \{G}. By the 
Euler exact sequence, as P = P(Y) and "f is a rank 2 vector bundle over 
M W \{G}, we have that 

K r/MwX{G} = W)-P*det(f). 
Using the commutativity of the diagram ([5]), this implies that 

t*(L) = t*(E)+t*(a* v (J?)) = K P/Mw \ {G} +p*det(Y) = ff r (2). 
Hence ^p(l) is a square root of t*(L) in Pic(P). □ 

5 Appendix 

In this paper we studied the index of factoriality of K V (S, H) for an OLS-triple 
(S,v,H) where S is abelian. It seems natural to us to provide a complete 
description of the index of factoriality of K V (S, H): this is the main motivation 
for this Appendix. Before starting, we recall some general facts about K V (S, H): 
first, K V (S, H) is the fiber over (0, &s) of the morphism a v : M V (S, H) — > S x S 
we defined in the introduction. If v 2 > 0, then this map is dominant, it is an 
isotrivial fibration, and there is a finite etale morphism 

t:K v xSxS — >M V , T(F,p,L):=t%(F)®L, 

where t p : S — > S is the translation via p. 

Remark 5.1. If v 2 > 0, then K V (S, H) is normal and irreducible. The normal- 
ity of K v follows from the normality of M v (see Theorem 4.4 of [TT]) and from 
the finite etale cover r. The irreducibility is a consequence of the irreducibil- 
ity of M v and of the one of K w . Indeed, as K v is normal, to show that it is 
irreducible it is sufficient to show that it is connected. 

Now, let E e Ky\ there are E' Q e M w and an irreducible curve D' c M v pass- 
ing through (-Eg)® m and E, as M v is irreducible (by Theorem 4.4 of [TT])- Let D" 
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be an irreducible component of the curve r 1 (D') passing through (E, 0, &s)- 
Moreover, let p\ : K v x S x S — > K v be the projection, and D := pi(D"). This 
is an irreducible curve in K v passing through E and E® m , where Eq := t*Fo®L 

for some F$ e M w , p e S and Lb S. 

In conclusion, in order to show that K v is connected, it is sufficient to show 
that the locus Y of K v parameterizing direct sums of stable sheaves of Mukai 
vector w is connected. Notice that we have a surjective map from the locus 
Y' c M™ of m-tuples (F u F m ) e M™ such that YZi M^) = (0. #s) to 
Y. It is then sufficient to show that Y' is connected. 

Now, notice that Y' is a projective variety. Moreover, let s : (S x S 1 )" 1 — > 
S x 5 be the sum morphism: we have a fibration / : Y' — > s _1 (0, 0s) with 
fibers isomorphic to K™. As s _1 (0, &s) is irreducible, and K w are irreducible 
by [30], it follows that Y' is connected. 

The only results we have up to now about the index of factoriality of 
K V (S,H) are the following: 

1. if to = 1, then K V (S, H) is smooth, and hence locally factorial; 

2. if to = 2 and w 2 = 2, then K V (S, H) is 2-factorial by Theorem lL2l 

In order to complete the description of the index of factoriality of K v , we need 
to study the two following cases: 

1. to ^ 2 and w 2 = 0; 

2. to = 2 and w 2 ^ 4, or to ^ 3 and w 2 ^ 2. 

We begin with the index of factoriality when to ^ 2 and w 2 = 0. In this case, 
the moduli space M V (S, H) is isomorphic to Mw, the to— th symmetric product 
of the abelian surface M w . We have the sum morphism s : — > M w , and 
K v ~ s _1 (0). Then K v is 2— factorial, as the following result shows: 

Proposition 5.2. Let S be an abelian surface, n e N. Let s : S^ n+1 ^ — > 
S be the sum morphism, and K" ing (S) := s _1 (0). The variety K" ing (S) is 
2— factorial. 

Proof. Let p n+1 : Hilb n+1 (S) — > S , < n+1 ) be the Hilbert-Chow morphism, and 
K n (S) := Pn+i(Kl\ng(S)): if n = 1, it is the Kummer surface associated to S; 
if n 5= 2, it is a generalized Kummer variety of dimension 2n. 

Let us first show that K™ ing (S) is 2— factorial if n ^ 2. By abuse of notation, 
we still write : K n (S) — > K™ ing (S). Let £7 be the exceptional divisor of 

p n+1 on and A e Pic(K n (S)) be such that A® 2 = <?(J5). 

Lemma 2.1 of [35] and Proposition 8 of [T] show that we have an equality 
H 2 (K n (S),Z) = j(H 2 (S, Z)) © Z • A, where /: H 2 (S,Z) — > H 2 (K n (S),Z) is 
an injective morphism. It follows that 

Pic(ff "(S 1 )) = j(NS(S)) ®Z-A. 

The morphism j works as follows (see the proof of Proposition 8 of [I]): let 
j3 e NS(S), and let pi : S n+1 — * S be the projection to the i— th factor. 
Consider the class /?' := Zi=iP*P e H 2 (S n+1 ,Z). By Lemma 6.1 of [S] there 
is L e Pic(S( n+1 '>) such that j3' = q*cx(L), where g : S n+1 — > S^-^ 1 ) is 
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the quotient morphism. Let now k : K n (S) — > Hilb n+1 (S) be the inclusion 
morphism: then j(f3) := k*p* +1 (L). 

If h : K™ ng (S) — > S^+V is the inclusion, we then have j(/3) = p* +1 h*(L), 
so that j(NS(S)) = p* +1 (Pic(Kl\ ng (S))). By the exact sequence 

— > Z -U Pic(K n (S)) Pic(K n (S)\E) — ► 0, 

where t(l) := 6(E) and r is the restriction morphism, we get 

Pic(K n (S)\E) = Pic(K n (S))/Z ■ 6(E) = j(NS(S)) ® Z/2Z • A. 

By Remark [Owe have A 1 (K^ lng (S)) = Pic(K n (S)\E), so that 

A l {Kl ng {S))JPic(Kl ng (S)) = (j(NS(S)) ©Z/2Z • A)/j(NS(S)) Z/2Z, 

and the 2— factoriality of K™ ing (S) is shown. 

There is still the case of K 1 (S), which is the Kummer surface associated to S, 
and Kl ing (S) is the singular Kummer surface. The 2— factoriality of K] ing (S) 
can be proved either by using an argument similar to the one we used here 
(where one replaces the irreducible divisor E by the 16 nodal curves), or by 
recalling that Kl ing (S) is the quotient of S by the action of —1: we leave the 
details to the reader. □ 

We are left with the determination of the index of factoriality of K V (S,H) 
for v = raw, where either m = 2 and w 2 ^ 4, or m ^ 3 and w 2 ^ 2. We 
show that K V (S,H) is locally factorial in this case, by strictly following the 
argument used by Kaledin, Lehn and Sorger in [11] to prove the local factoriality 
of M V (S, H) under the same hypothesis. Before proving the Proposition, we give 
the following definition: 

Definition 5.1. Let F and F' be two H— polystable sheaves on S with Mukai 
vector v = raw. Write F = 0- =1 F®" 1 and F' = ©■l 1 (-F , /)® m S where F t 
(resp. Ft) is H— stable and Fi Ff~ (resp. F( q£ Fj^) for every i,k = 1, ...,s 
(resp. j, k = 1, s'). We say that F and F' have the same polystable structure 
if s = s', v(Fi) = v(F!) and m, = m' for every i = 1, s. 

We now prove the local factoriality of K v : 

Proposition 5.3. Let S be an abelian surface, v = mw a Mukai vector and H 
a v— generic polarization on S . Suppose either that m = 2 and w 2 ^ 4, or that 
m ^ 3 and w 2 ^ 2. Then K V (S, H) is locally factorial. 

Proof. We recall some elements of the construction of M v . First, there are 
k, N e N such that every H— semistable sheaf of Mukai vector v is quotient of 

:= &s(—kH)® N . Let Q v be the Quot scheme parameterizing quotients of 
Jif with Mukai vector v, and let R v Q Q v be the open subset parameterizing 
H— semistable quotients. The group PGL(N) acts on R v , and the quotient is 
M v : let p : R v — > M v be the quotient morphism, and let R° := p~ 1 (K v ). 

As a first step, following [TT] we show that i?° is locally factorial by showing 
that it is locally complete intersection (we will write l.c.i. in the following) and 
regular in codimension 3, i. e. i?° has the property (R^). 

By HQ we know that R v is l.c.i. As i?° = p~ 1 (a~ 1 (0, &s)), and (0, G s ) is a 
smooth point in S x S, it follows that i?° is l.c.i. 
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We now show that i?° has the property (R3) by showing that its singular 
locus has codimension at least 4. Now, let F be an H— semistable sheaf with 
Mukai vector v on S, and consider a family & on S x S x S such that for every 
(p, L) e S x S we have ^p- 1 ^ = tp(F) ® L, as constructed in section 4.2.2. 
This family induces a modular morphism 

f:SxS^M v , 

such that a v o f : S x S — > S x S 1 is etale by section 1.2 of [35]. The sheaf 
,3^fom P2i (pfjtf 3 , J?) is a vector bundle on S x S, and let 

7T : P(^ , oTOp 23 (p 1 *^, J?)) — >S xS 

be the associated projective bundle. Let U Q F(J4?om P2;s (p*J l $?, &)) be the 
open subset parameterizing surjective morphisms: there is a natural injective 
morphism g : U — > R v such that the following diagram is commutative 

U Rv 

S xS -U M v 
Let [q : — > E] e U be a quotient of Jff. The morphism 

d[ q ]TT : T[ q ]U * Tir([ q ]){S x S) 

is surjective: it follows that 

d[ q ](a w op) : T [q] R v — > T Um ^(S x S) 

is surjective. This implies that if [q] is a smooth point of R v which lies in 
then [q] is a smooth point of As a consequence, the singular locus Sing(R^) 
of i?° is contained in the singular locus Sing(R v ) of R v . 

Now, R v is regular in codimension 3 by [UJ. Moreover, if [F] e M v is a 
polystable sheaf, the dimension of Sing(R v ) n depends only on the 

polystable structure of F. Similarity, if (p, L) e S x S, then the dimension 
of the locus of the polystable sheaves in a^ 1 (p,L) having the same polystable 
structure does not depend on (p,L). As Sing(R°) E Sing(R v ), it follows that 
R® is regular in codimension 3. 

As R^ is locally complete intersection and regular in codimension 3, by 
Corollaire 3.14 of Expose XI in [5] we have that is locally factorial. As 
remarked in [TT], this allows us to apply Theoreme A of [8j to show that K v is 
locally factorial: K v is the quotient of R® by the action of PGL(N), hence K v 
is locally factorial at a point E e K V \K^ if and only if the isotropy subgroup 
PAut(E) of any point [q] in the closed orbit p~ 1 (E) Q i?" acts trivially on 
the fiber for every PGL(N)— linearized line bundle L on an invariant open 
neighbourhood of the orbit of [q]. 

First, consider a point Ef m e K v for some E e M w . The isotropy subgroup 
of any point [q] e p~ 1 (E^ m ) is PGL(m), and hence has no non-trivial characters 
(see Corollary 5.2 in [II]). The point E^ m is then locally factorial. 

Let now E = ® s i=1 Ef n * e K v , where E, is stable, v(E,) = m,iW for some 
mi e N, and m = J]i=i ?71 'i n i- Let [g] e p~ l {E), and as _E e if„ we have 
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[q] e Consider the moduli space M miW for i = 1, ...,s: as every sheaf 

F e M miW is iJ— semistable, there is an integer Ni e N such that F is quotient 
of ^ := (?s{— kH)® Ni . We suppose that every sheaf parameterized by M v 
is quotient of Jt? = ©i = i«^®"*- We let Q mi w be the Quot scheme param- 
eterizing quotients of Jifi, and R mi w the open subset of Q mi w parameterizing 
H— semistable quotients. Now, consider the morphism 



= 1 



As shown in M miW and R mi w are irreducible. It follows that the image Z 
of the morphism $ is irreducible. By definition, we have that [q] e Z . 

Now, consider the group G := ([\ s i=1 GL( ni ))/C* Q PGL(N). This group 
fixes Z n R® pointwise, and it is the stabilizer of [q]. Moreover, if L is any 
PGL (N)— linearized line bundle on then G acts on L^nfl y i a a locally 
constant character. 

We claim that there is a connected curve C E Z n i?° passing through [g] 
and through a point [g'] 6 p^ 1 (Ef m ) for some e K v . Once this claim is 

proved, we conclude the proof: as C is connected, the action of G on Liq is via 
a constant character. As G is contained in the stabilizer of [q 1 ], its action on 
L[ q q has to be trivial: this implies that the action of G on is trivial, and 
we are done by Theoreme A of [BJ. 

We are left with the proof of the claim. Consider the morphism 

s s 

h: ]\M m%w — M„, h(F u ...,F a ) :=©^©'\ 
and the commutative diagram 

Let Q = ([gi], [g s ]) e n?=i 4,, be such that $(Q) = [q]. 

First, following the same construction as in Remark 15.11 there is an irre- 
ducible curve D c K v passing through E and a point E^ m e for some 
Eq e M w : this is constructed as pi(r _1 (D")) : where pi : K v x S x S — > K v 
is the projection, and D" is an irreducible component of t^ 1 (D i ) for some ir- 
reducible curve passing through E and a point (E' ) m e M„. Notice that as r 
preserves the polystable structure, then D is contained in the image of h. 

Now, let [q 1 ] e p~ x (F© m ). As I? is contained in the image of h, and h is etale 
on its image on a neighbourhood of g(Q), there is an irreducible component D\ 
of h~ 1 (D) passing through g(Q) and a point of h~ 1 (E^ m ). Moreover, D\ is the 
quotient of g~ 1 (D\) by a connected group: as D\ is connected, it follows that 
g~ x (Di) is connected. There is then a connected curve D2 Q g^ 1 (D±) passing 
through Q and a point of We finally define C : = <j>(Z?2): this is a 

connected curve contained in Z n R®, which passes through [q] and [q']. This 
concludes the proof of the claim. □ 
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